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A means of obtaining absolute prime ideals is presented. This process yields an example of a 
three-dimensional, local, non-Cohen-Macaulay factorial domain in characteristic zero. 
Introduction 
In this article we present a technique for obtaining absolute prime ideals. The 
usefulness of these ideals generally becomes apparent in the construction of rings 
of an unexpected nature. Hence it is not surprising that the technique itself is highly 
suggestive of an example of a Noetherian, three-dimensional, local, non-cohen- 
Macaulay factorial domain in characteristic zero. 
While such examples exist for both rings with characteristic p > 0 (see [2,8,9, 
11,12]), and rings with characteristic zero, the latter, are either (as for instance the 
Freitag-Kiehl example [lo]) of ‘big’ Krull dimension (namely, 60) or their construc- 
tion is of a deeply geometric nature (such as in [17]). 
In the following we give a straightforward algebraic approach to the building of 
such a ring. 
It is of interest to note the result of M. Raynaud and J.-F. Boutot [3] which states 
that if dim R< 5 and R is a complete factorial domain with its residue field of 
characteristic zero and algebraically closed, then R must be Cohen-Macaulay. Our 
example, on the other hand, relies crucially on having a countable (and hence, not 
algebraically closed) residue field (see a construction of Rotthaus [4]). Unfor- 
tunately, the example loses the factorial domain property upon completion (unlike 
the rings in characteristic p > 0, given by [S, 91). 
The necessary background, definitions and a statement of our main result 
(Theorem 1.3), along with a detailing of the aforementioned non-Cohen-Macaulay 
factorial domain comprise the first section. The second section specifically deals 
with the proof of the main result. 
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1. Preliminaries 
From [21] we have a technique for obtaining a local, Noetherian, factorial 
domain, R, the completion of which, l?, is at the same time the completion of a 
‘desirable’ ring. By this we mean that R^ can have properties which are preserved 
under completions (such as Cohen-Macaulay, Gorenstein, regular, etc.). This 
result, in large part, rests on the work of Rotthaus [4] and Ogoma [19]. 
We recall the terminology involved: 
Definition 1.1 (Ogoma 1191). The polynomials P,(Z,, . . . , Z,), . . . , P,(Z,, . . . , Z,) in 
Z]Z t, . . . , Z,] are called absolute prime generators if they satisfy the following two 
conditions: 
(i) Let (R, m, k) be a regular, local ring with dim R = qz r, containing a field, and 
x1, . . . . x4 be a regular system of parameters for R. Then 
(Pr(xr, . . ..x.), . . ..P.(xr, . . ..x..))R ESpec(R). 
(ii) Let R be an integral domain. Define the ring A 
Then 
to be A := R[Z,, . . ..Z.]. 
(Pr(Zt,...,Z,),...,P,(Z1,...,Z,))A~Spec(A). 
An ideal I in the ring Z[Z,, . . . , Z,] generated by absolute 
an absolute prime ideal. 
prime generator is called 
We shall be making use of [2.3, 211 
Proposition 1.2. Let B := K[Z,, . . . , Z,.](z ,,_,,, z,), and let a := IB, an ideal of B, 
where I is an absolute prime ideal and where K = Q({Aij: i, j E IN, with A, indeter- 
minates over Q}). Then there is a local, Noetherian, factorial domain R such that 
(B/a)* [[X, Y]] --t I? is an isomorphism. 
Therefore, if we can find B/a, as above, with dim B/a = depth B/a + 1, it will fol- 
low by the proposition that R is a characteristic zero, local, Noetherian factorial 
domain which is non-Cohen-Macaulay (namely, dim R = depth R + 1). 
The Krull dimension of the ring R, however, depends on the Krull dimension of 
B/a and therefore can be fairly ‘big’. To get around this obstacle, we employ the 
method of ‘grade reduction’ introduced by Hochster [ 1 l] : specifically for (R, m, k) 
with m=(a,, . . . . a,,)R, let X,, . . . . X, be indeterminates over R, 
f(X) = i aiXjER[X]:=R[X,,...,X,], 
i=l 
and the ring := [X]/(f). Call (S, mS) the first general grade reduction of 
(R, m). 
Localizing S at mS, we obtain a local ring T with dim T= dim R - 1 and depth T= 
depth R - 1. In [II], Hochster showed that the ‘UFD’ condition is 3-stable (that is, 
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if depth Rz3 and R is a factorial domain, then T is a factorial domain as well). 
Clearly then T preserves all of the desirable properties of R (namely, T is a 
local, non-Cohen-Macaulay factorial domain in characteristic zero with dimT= 
depth T+ 1) but the dimension of T is one less than the dimension of R. 
We perform grade reduction on R repeatedly until we obtain the sought ring: a 
local, non-Cohen-Macaulay factorial domain R in characteristic zero such that 
3=dimR=depthR+I. 
It thus remains to find B/a with dim B/a = depth B/a + 1, where B and a are as 
described in the proposition above. 
It is, therefore, of essence to have at our disposal a method to generate absolute 
prime ideals. The theorem below provides us with just such a method. It is inspired 
by techniques in [6, Section 21 and [16, Section 21 for obtaining homogeneous nor- 
mal prime ideals arising from Bourbaki ideal sequences. 
Theorem 1.3. Let C:=Z[X,, . . . . X,,] be the ring of polynomials over U, where 
nz4, and M=(m,,..., m,)C be a finitely generated, non-free, reflexive, graded 
C-module with rank, M= d + 1 and depthcx,, ,,,x,)c ML 4. Suppose that Mu is free 
for each p E G := (p E Spec(C): (X,)Z [X,] tZp> and that M~,,~,,xkl is not free. Let 
S:= C[x?: lrils and lsjld] be the polynomial ring over C. Then there is a 
graded exact sequence 
f 
0-Sd-S&M-I-O 
with I an absolute prime ideal of S of height two. 
Before embarking on a proof of the theorem, we shall apply Theorem 1.3 to 
obtain the example in question. 
Let n=6 (so that C:=Z[X,,..., X,]) and M be K4, the fourth syzygy of Z in the 
Koszul complex resolution of Z over C : = Z[X,, . . . ,X,1. 
We note that rank, K4 = 10 and that K4 has 15 generators, degree one homo- 
geneous: m,, . . . . ml5 (by way of the differential map in the Koszul complex). In 
addition, K4 is locally free at each element of G, but not at the prime ideal 
(X,)Z [X,]. As in the comments preceding [6, Lemma 21, we adjoin to C a 15 x 9 
matrix of indeterminates I$ to obtain S:=C[xj]=Z[X,, yY: 11k16, l<j<9, 
and lsis15]. 
We now consider the map f: S9 + Sac K4 sending the jth coordinate of S9 to 
ct:r Fjimi. 
Returning to our discussion of B and a, we let r, the number of variables Zi in 
B, be the cardinality of {Xk,~j: 11k16, lIj19, and lli<lS}, namely r= 
6+(15x9)=141, and 2,=X, for 11116 and 2,=x1 for 7111141. Further, set 
a=IB. Then dim B/a=141-2=139 and depth B/a=depth, a-l=depth(,,,y,)l-l= 
depth,,,K, + 135 - 1 = 138. So dim B/a = depth B/a + 1. (We remark at this point 
that then dim R = 141= depth R + 1. To obtain a three-dimensional non-cohen- 
Macaulay factorial domain, we shall have to grade reduce 141- 3 = 138 times!) 
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2. Proof of the theorem 
Let f : Sd + S& A4 be the map sending the jth coordinate of Sd to CT_, xjmj. 
We take the generators m,, . . ..m. to be homogeneous. 
If the mi’s are all of the same degree, it follows that the cokernel off, namely 
I, is graded. 
If the degrees of the m;‘s are not equal, we replace the m;‘s by all their multiples 
of appropriate powers of the Xj’s to obtain a set of new m;‘s all of the same 
degree, thereby insuring, as above, that the map f produces a graded cokernel. 
The new set of m,‘s generates a submodule N of A4, such that (Xi, . . . ,X,)CE 
Supp(M/N) c V((X,, . . . ) X,)C). This fact then implies that MI = Nt for all 
fE(Xl,..., X,)C, a point which will be used implicitly in the remark preceding 
Claim 2.4, below. For this reason we may assume from now on that A4 is generated 
by homogeneous elements ml,. . . , m, all of the same degree. 
If we observe that Cf=, &m, is a basic element in s& M up to height one, an 
inductive argument on the rank of A4 shows that our particular f induces a Bourbaki 
ideal sequence, i.e. f is injective and I:= Coker(f) is torsion free (for terminology 
and familiarity with Bourbaki’s theorem, see the proof of [5, Corollary 31). 
Noting that S is a Cohen-Macaulay factorial domain and that S& M is a re- 
flexive, non-free S-module, we conclude that I is an ideal of S of height two (see 
[7, Corollary 2.151). 
We want to show that I is generated by absolute prime generators. 
Let us discuss the first condition for absolute prime generators: if R is a regular, 
local ring containing a field with dim R = q 2 s x d + n = : t, and xi, . . . ,x4 is a regular 
system of parameters for R, then 
= (k[]Z,, . . . . Z,ll/~k]]Z,, . . . . Z,ll)]]Z,+,, . . ..Z.ll 
z {((S/I)O~k[Z,+,,...,Z,l)cZ,,,..,z,,)^, where l(i(t. 
Yet o:=((S/I)O,k[Z,+,,...,Z,l)(, ,,.__, z,) is a locality over k, a field. So D is 
analytically normal if D is normal [18]. Therefore, it will follow that (R/(P,(x;), . . . , 
P,(x,))R) is an integral domain if we show that D is a normal ring. But for the 
latter, it suffices to show that (S/Z) BzA is normal whenever A is normal. 
Combining this information with the second condition for absolute prime gener- 
ators, we conclude that it is enough to establish 
Claim 2.1. The ring (S/I) gz A is a normal domain (domain) whenever A is a nor- 
mal domain (domain). 
As an intermediate step to proving Claim 2.1, we consider 
Claim 2.2. Let A be a domain. 
(a) If ((S/Z) Oz A)h is a domain for some (S/I) On A-regular element h E 
(X,)Z [X,] \ (0)) then (S/Z} Oz A is a domain. 
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(b) Let J := {PE Spec((S/I) az A): (X,)77 [X,] Q Pfl C}. If for each PE J, there 
is an element h E (X,) Z [X,] \P such that ((S/I) oz A),, is a normal domain, then 
(S/I) Orn A is a normal domain. 
Proof. Part (a) is clear: if h is R-regular and R, is a domain, then R is a domain 
as well. For part (b), we check that (S/I) & A is RI and &. 
To simplify the notation, we shall write SA to mean SOH A, and IA to mean 
IV&A). 
Let PE Spec((S/I) oz A) with height(P)< 1. By height considerations (X,)Z [X,] c 
Pn C and so we may pick an element h E (X,)Z [X,] \ P such that ((WI) @/ A)h is 
normal. Thus ((S/I) Oz A)P is regular since [((S/I) OH A)h]P is regular. Therefore 
(S/I) @a A is R,. 
If PEJ, then depth((S/I)@,A),=depth[((S/I)@,A),], where hE(Xk)Z[Xk]\P 
such that ((S/I) Oz A)h is a normal domain. Thus depth[((S/I)@, A)h]P 2 
inf{2,height(P)}. If PES~~~((S/I)&A)\J, then 
depth((S/I) Oz A)P L depth,((S/I) On A) 2 depth,,,,((S/I) Oz A). 
It, hence, suffices to show that 
depthc,,,sA((SN)@z A) 2 2 = inf(2, height(P) (zn -2~2)), 
to settle Claim 2.2 for normality. But depth,,,,((SN) On A) I 2 if 
depthc,,,s,(IA) 2 3. 
Therefore, to confirm the Serre-2 condition on (S/I) Oz A, it remains to prove 
Claim 2.3. The (X,)SA-depth of IA is at least three. 
Proof. To see this, we consider the two exact sequences with torsion free cokernels 
(0 
f 
O-S~-S@CM-I-O, 
and 
(ii) 
fO G,, 
O+Sd&z~- S&M@&,-I@,~,-0, 
where p is a prime integer and 7$, = Z/pZ. 
To see that sequence (ii) is a Bourbaki ideal sequence, we note, as we did for 
sequence (i), that Cs=, &(m,/l) is a basic element in S@c (MOn Zp) up to height 
one. This in turn, together with an inductive argument on the rank of M@,Zp, 
shows that f @ idzD induces a Bourbaki ideal sequence. 
Also we observe that I& Zu = IZ,. 
If char(A) = 0, then A is flat over Z and hence IOn A =IA. In addition, ten- 
soring (i) with mz A preserves exactness. If char(A) =p, then tensoring (ii) with 
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Bz,A preserves exactness. In either case, it follows that Z@,A =ZA, and that 
sequence 
(iii) o+(SA)~~SA@CM-z,4+0 
is exact. 
Applying the depth lemma on (iii) and noting that the (Xk)SA-depth of (SA)d is 
n, we find the (X,)SA-depth of IA to be either n- 113 or to be greater than or 
equal to the (X,)SA-depth of SA Oc M. But the latter is at least three since the 
(X,)z [Xk]-depth of A4 is at least four and the (X,)& [X,1-depth of M/PM is at 
least three. 
To establish Claim 2.1, it is adequate to show that if A is a normal domain (domain), 
then ((S/Z) OH FI)~ behaves as indicated in Claim 2.2. We have that ((S/Z) OL A)h = 
(S,,/Z,,)&A. As in the work of Evans and Griffith ([6], see Lemma 2 and the 
remark preceding it), it can be shown that Zh is the ideal of S, generated by the 
d xd minors of a (d-t 1) xd matrix of indeterminates over C,, in the case that 
(S@,M), is a free &-module. Under this proviso, it then would follow that 
(S/l,) Oz A is a normal domain (domain) if A is a normal domain (domain) (see 
the results in [12, Section 11). 
Thus the proof of Claim 2.1 rests on the verification of 
Claim 2.4. Let A be a domain. 
(a) There is an (S/Z) Ol A-regular element h E (X,)2! [X,] \ (0) such that 
(S Oc M)h is a free &,-module. 
(b) Let J:= {PESpec((S/Z)@,A): (X,)z[X,]cLPnC}. Then for each PEJ, 
there is an element h E (X,)27 [X,] \ P such that (SO, M)h is a free &-module. 
Proof. To establish the freeness of a module, in [6, Lemma 21 Evans and Griffith 
use a K-theoretic result, namely, a theorem by Swan [20, Theorem 1 .l] which is 
available in the setting of Laurent polynomial rings. 
However in our instance, C does not contain an infinite field, and therefore S,, 
need not be a Laurent polynomial ring. Hence we must use other techniques to 
obtain the freeness of (So, M),, over &. 
In [16, Lemma 2.21 Miller employed a device which circumvents the above men- 
tioned K-theoretic methods and is adaptable readily to our case: 
Let P,, . . . . P,. be elements of J and let pi := Cfl P, E Spec(C). Then T’ := 
(Xk)~z[Xkl\u:=, Pi. 1s non-empty. Since (X,)z[X,] is the minimal prime ideal in 
the non-free locus of M, it follows that h/r, is projective for each t E T’. Let T := 
C\Ur=, pi. So T-‘M is projective over the semilocal domain T-‘C and hence 
T-‘M is free over T-‘C. 
Conclusion 2.5. Thus there is an element h E T’ such that M,, is free over C,. 
(a) Claim 2.3 implies that the (X,)SA-depth of (S/Z) Or A is at least two. 
Hence AsssA ((S/Z) Ox A) c J. Let Ass, ((S/Z) Oz A) = {Pl, . . . , P,.} . We now 
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apply Conclusion 2.5. Hence there is an ((S/I) OZ A)-regular element 
hE(Xk)UXkl\U:=, P, with Mh free over C, and hence (S oZ M)h free over S,, . 
(b) The result of 2.4(b) follows immediately upon applying Conclusion 2.5 to the 
case r= 1, namely P, =PE J. 
With this we have proven the theorem. 
It is of interest to note that, for our specific example, we could have shown I to 
be an absolute prime ideal directly, i.e. we could have avoided Miller’s artifice by 
proving that (S & K4)h is a free &-module for every h E (X,)Z [X,] \ (0): 
Let h E (X,)Z[X,] \ (0). L ocalizing the Koszul complex resolution of Z 
over Z[Xr, . . . , X6] at h, makes all of the syzygies Ki projective over C, and (Kl)h 
free of rank one. It follows that (K3)h@ (K2)h @ZIXklh = (Z[Xk]h)16 and that 
(KJh 0 (Z [X,lh)16 = (Z [X,1,)” 0 (Z [X,lh)r6. By Bass’ Cancellation Theorem 
[l, Corollary 3.5, p. 1841, (K4)h = (ZIX,lh)“, a free ZIXklh-module (note that 
f-rank(KJh = lO> 7 = dim(ZIXklh). Thus (SO,&), is a free Sh-module. 
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